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'1iEOREM IN INVENTORY MODELING

by

Donald Gross

1. Introduction

An appropriate inventory policy in many situations is a one-for-

one ordering policy [continuous review (s,S) policy where s = S-1 1.
That is, when a demand for an item arises, an order is immediately

placed for a replacement. It is desired to find, then, the optimal

value of the safety stock needed to support such a policy so that there

is a control on both stockout probability and inventory investment.

Such a policy is most often used for items which are expensive

and important, so that inventory investment and shortages are signifi-

cant factors. Also, most repairable item inventory models fall into the

one-for-one ordering category, as failed items are usually dispatched

immediately to a repair facility upon failure. The METRIC class of

miodels [see Muckstadt (1973)], one of the most useful multi-echelon

models currently available, uses such a policy.

A key factor in these types of models is often the "ample server

assumption;" that is, orders to be filled or items to be repaired never

quLeue up but go into "service" immediately. Statistically, this means

that successive order replenishment times (or repair times if we are



L I I .\i g I]DGLIt rej)a irahI e items) a re Io' jhLi atstimpt 1 oi.o

one0 to take advantage of Palm's Theorem from qjuvueing theory, which

states that if demand is Poisson [or compound Poisson-see F'eeney anid

Sherbrooke (1966)1, and there are ample "servers," then regardless ol

the distribution of order replenishment times, the State probabilities

depend on the replenishment time Isee Hadley and k~hiton (1963), -.p. 209

1-f, for exoaple1 In fact, letting N reprcsent ti~e btCjuY

number ol' orders outstanding, A the mean demand rate ~~.z
Poisson dlistributionl, and t the mean replenishment Ilead L-;Me,

( n) -AI

Pr(N=n) (n) 01 e!Ci

It' we denote th~e Steady state on-hand inventory by Z aiid Isiire coiti-

p let c backordoring, then we have Z = S-N and

Pr(Z=z) - p(z) = ;.(S-z)()

Using this relationship, it is easy to set up cost equations in terms of

theC decision variable S to be minimized. Since a shortage cost in

many cases may he hard to assess, a service level. constraint is often

used instead. Fill rate (the percentage of requests filled immediately

from on-shelf inventory) is one such constraint in wide use. Denoting

the' fill rate by F we have

A- Pr(Z<0)
F x 1-~00

-[1 - IPr(ZKO)] 100

I - ii= 1(n)] x 100

- [S ' Ii(n)] X 100

Now suppose there is not ample service in the order filling (or

repair) process. ['he question we seek to answer is, "What effect does

i i: have on lie calculation of S and on the actual 1' to be realized?"

Atter all, one might argue from the inventory manager's point of view

-2-



an order .;ikes timir kll its to r V."' , Cv!_

zit Lr ;' ini, p aced, what difference does it make if 1t spends part oi

i t m; time wa it i ng in a queue to be processed or if it goes int process-

ing immediately? The answer lies in the fact that if queueing occurs,

successive replenishment times are correlated and the distribution of

i (1) C , a he radic'ally changed.

-. ini ~rv,: v,- Sj i t6o, SL rver Gase~s

.0 .e tile CfIO C Of introducing correA;ltion in successive oc-icr

rejnln i imlL' Limes, ILt kis suppose that instead of a potenrLaly Infl-

,.,tnr w- "oroer piciers" (or repair channels), there is only one.

.r1 or, jet u.L ssme Lhat order filling times are exponenial lv dis-

triihutci with me .n ,uh Equation (1) still suffices for the ample

server case (with i = 1/ ), and in terms of queueing notation we call

this the M/.'. model with mean arrival rate A and mean service rate

I'or the single server case, we have an M/M/1 model, still with

mean arrival rate , , but with a mean service rate of lJ 1/1 . Here,

is equal to the total expected waiting plus service time to process

an order (which is usually denoted as W in standard queueing notation).

iurtl r, from 1-/M/1 queueing theory,

= = - _(4)

:-;o that the ,. to make the M/M/1 "equivalent" in terms of mean lead

time to the N/M/, is then [rewriting Equation (4)]

= l+AT (5)
T

Now th difference between the two systems can be clearly seen.

letiot ing the steady state probabilities for the ample server case by

(n) fIquation (1)1 and the single server case by sI(n) , it can

t,.adiily b, !hown I.sev, for example, Hillier and Lieherman (qS8), p. 41.81

SliciIf
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Note that in the ample server case, the steady state probabili-

ties that n orders are outstanding are Poisson, while for the single

server case the steady state probabilities are geometric, even though

ti mean Lumer of orders outstanding is the same, namelv , , L. .

Lcadtime demand. As we snall see later, in certain cases (ccrta>n .ai-

ucs of AL ), sizable discrepancies in S and F can resu!L from as-

suming an ample server situation when in reality there is only a single

server, even tnough the mean replenishment times are che same.

3. Ample Servers versus Multiple Server Case

lhe .M/M/- and M/M/l cases are the extremes. We consider now

"equivalent M Mic systems for comparison to M/M/I. The time in system

(waiting plus service) for an M/M/c queue is given as

W l + /(IL)c / (c-l)! (cj- ) 24= w= - " (7)
P C-. i (X)n + 1 ()C()

n=O

It is now necessary to employ numerical solution techniques to find the

desired It which will enable the calculation of the T7 (n) . We know
C

L h at

l l+X1 (8- < 11 < - (8)

tkat is, the resulting Uj will be somewhere between the M/M/I' and M/M/l

cases. A Newton-Raphson procedure was easily employed to calculate .i,

And once having done so, we have from queueing theory

n- 7c(0) , c
n! w

v (n) = (9)
n

- 1 (0) , n
cn-c ! n c

-4-



Thus the rerulting fill rate becomes

Sui- I TLC (n) x 100 1 ( C):. .

in L ~ L ~ . '~ ~n ismenL eadt ime i L 11s AA\ W-~L

,. NIurn.' r i eni I'' L [ u,

ll, Ca I ulac ions for S are. performed by set Li g a dc. red iII

rate l eve L -ay F , ar,c .solving for the S such that

S-1 just
100 Y F(n) (Ii)

n=O

ror tei jampio serye r case, "i, (n) [from Equation (1), is used in A~ a-

t ioo (11), whilc for the "equivalent" c server cast,, (n) IIrom
c

.1I ion (1)) is util izcd. The respective S's obtained we dcnote By

a ned S

If in reality, we truly had an MIMIc system, but were using the

ample service assumption to calculate S , that is we stock S , ther

the Lrue fil rate I"(S ,,) Ical. 1 F_ is

S -l

I" ) (n)
n=0

;1i1i M e I I LSi tilil F , since S - S c for all relasona])i.e val]u )I -

I i' tl I, t' L ' 0I "error" whicl is o; interest.

L- 5-
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Another "error" of interest involves the expected average back-

order level (which is sometimes used instead of fill rate as a service

level constraint). For a safety stock level of S units, the expected

average backorder level is

B = (n-S)7(n)
n=S

(12)

S-1
= L - S - Y (n-S)'F(n,

n=0

where L is the expected number of orders outstanad4.ng, that is,

L H j n7(n)

n=O

(A ample service

S1 cn-i 
(13)

I (A/lA)c I1 T +_L l)(C1
(c-l)! (c )-X n= O " P

c servers

Thus if we provision based on ample servers, that is, stock ac-

cording to S , our expected average backorder level B(S0,,Uc ) [call

B ] is

B = L - S- (n-S) rc(n)

n=O

whereas had we used the "correct" modeling assumptiJors, accounting for

the fact that only c servers are available, our expected average back-

order level would have been B(S cTc) [call B ] namely,c '

S -1
c

Bc =L- c - (n-Sc )Tc (n)

n=O

If in reality we had ample service, the expected average backorder level

would have been B(Sm,fm) [denote by B* ], specif.cally,

S -1

B*= L- S - (n-S)m (n)
n=O

-6-
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Table 1 shows the input and output quantities used for the nu-

merical analyses. We calculate several possible "error" measures on

fill rate and backorder level as defined in the table. For fill rate,

we look at three quantities. First we compute the percent difference

between the actual fill rate attained (F) assuming ample service and

using S. -nd the fill rate we should have gotten (Fc ) by stocking

S had we correctly accounted for the fact that only c servers wercc

available. Inis we call D Next we compute Di , thc percent that
F F

the actual fill rate, F , is below our goal F . For the cases where

S = S , there is no error and we set Dp to zero, since for these

cases we always either achieve or exceed the goal F . The final mea-

sure on fill rate we compute is DF* , the percent differEnce between

what we think we are achieving by assuming ample service (F*) and

what we are really achieving (F)

For expected average backorder level, we compute tuo measures,

namely, D - , the percent difference in B for a c server system if

we stock under ample service conditions--that is, using S instead of

the correct Sc --and D-, , the percent difference in the perceived

(believing we have ample service) and actual (witl c servers) B's .

Figures 1, 2, and 3 show the output of the cases coisidered,

namely, for F of 80% (Figure 1), 90% (Figure 2), and 95% (Figure

3), we have computed the error measures for combinations oF XT = .25,

.50, 1, 5, 1.0, 15, ... , 50, and c = 1,3,5,10,15,20,25 . [t appears

that the larger errors occur for the larger values of XT and smaller

values of c , as we would expect. Also, the three fill r.ite measures

seem to track quite closely with each other. Note that th.! magnitude

of the percent error for the backorder measures is much hitcher than

that for the fill rate measures, with D_- being an order of magnitude
B*

higher than D- which itself is almost an order of magnitude higher
B'

than the DF measures.

-7-



T-433

TABLE 1

FACTORS IN THE NUMERICAL ANALYSES

Symbol Definition Formula

INPUT

F Desired fill rate Input

Mean demand over a replenishment lead- Input
time

c Number of servers (order "pickers" or Input
repair channels)

OUTPUT

S -1ahe fjust
S~x, Safety stock required to achieve f y -,(n) F

ample servers available n=O

S -1
S Safety stock required to achieve F j ust

c under c servers (S > SL) T 1c(n) > F
n10

F* Actual fill rate achieved using S if S0-1

the true state of affairs is ample F* = ' (n)
service n=O

5 -i
F True fill rate for c servers stocking c

with S (F > P) F = Y i (n)c c c c=

n=O c

F Actual fill rate achieved for c serv- S -1
ers stocking under the assumption of F 00

ample service; i.e., using S., (F.< Fc) I 7 (n)

Cn=O c

D Percent difference actual fill rate is F -F
below correct fill rate when stocking D)F c X 100

for a c-server system but using the c
ample service assumptions

DP P-rcent actual fill rate is below fill D = max 0,F F

rate goal when stocking for a c-server F-F

system but using the ample service as- W
x1001

sumption

-8-
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TABLE l--continued

Symbol Definition Formula

D F, Percent actual fill rate is veiow as- F*-F
sumed fill rate when stocking for a c- D o1
server system but using the ample ser- F* F*
vice assumptions

D_- Percent in expected average B -B

backorder level when stocking for a c- D1 00

server system but using ample service B
c

assumptions

D-, Percent actual expected average backor-
der level is above assumed expected av- B -B
erage backorder level when stocking for D, = - x 100
a c-server system but using ample ser- B*
vice assumptions

All values for the error measures in Figures 1, 2, and 3 are

given in percents so that, for example from Figure 2, for F = 907

V! = 20 , c = 5 , DF shows a 17.93% error, Dp a 17.47% error, and

DI.,  a 19.45% error, while D shows a 170.67% error and DB, a

B*3,113.81% error! Of course, D , shows such large errors because if we

think we have ample service, we expect a very low average backorder

level (namely, 0.14 units) while in reality we have a level of 4.52

units, which is a large percentage change from 0.14. Had we correctly

used the stccking criteria for five servers (Sc = 45) , then our ex-

pected average backorder level would have been 1.67 units. Perhaps in

terms of backorder measures, one should also keep in mind the absolute

error as the nercentage error is distorted by the small "base" upon

which it is calculated.

While errors are larger for larger values of AT and smaller

values of c , there is not always strict monotonicity which, we believe,

is due to the discrete process required in calculating S to satisfy

the inequalizy constraint on fill rate goal F . For example, from

-9-
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Figure 2, k, 25 , we see that the percentage error in D- increa~ec

slightly when going from C = 1 to C = 3 , although this is a rather

rare situation and the general trend is decreasing. The "nonmonotonic-

ity" is somewhat more common when fixing c and observing the error& a*

XT increases. Again, even in cases where there is not strict monoton-
icity, the violations are small and there still remains a general trend.

Figures 4 through 18 show graphs of the error ranges of the DF
and D- measures on the AT versus c space. A definite pattern

B

emerges even though in a few cases the nonmonotonicity shows up. The

ercor band lines are purposely plotted as "fuzzy," since the grid is not

fine enough to obtain precise boundaries.

These graphs do show clearly that for large AT and small c

the percentage error can be sizable. Also, errors for comparable cases

(same AT and c ) become larger as F is increased. This can be seen

by looking at comparable measures for the three F situations; for

example, by comparing Figures 4, 9, and 14, or Figuies 7, 12, and 17, and

so forth.

While the general direction of large errors (larger AT , smaller

c , larger F ) may not be surprising, the actual magnitude might be.

Certainly, one should give careful thought prior to employing the ample

service assumption.

Figures 19 through 24 give plots of D aid D versus AT

for various c values, and F's of 85%, 90%, and 95%, respectively.

These sets of curves can be used to find the error (or approximate error

if interpolation is necessary) in assuming ample service when in reality

it is not. Keep in mind that these results assume exponential lead

times in the nonample service model, and that the stockage criteria are

based on fill rate control.
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